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Wave Coupling by Warped Normal Modes*

A. G.

Summary—It has been shown by J. S. Cook that wave power
may be transferred from one to another of two coupled waveguides
through a variation of their phase constants. It is now clear that this
is but one example of a new principle of coupling which is here
called ‘‘normal mode warping.”’ Wave power inserted at one end of
a coupled waveguide system may be made to appear at the other end
with any desired power distribution by gradual warping of the normal
mode field patterns along the coupler. In general, both variation of
the coupling coefficient and phase constants are required. Much
wider bands are theoretically possible than with any other distributed
type of coupler. This principle may be applied to dielectric wave-
guides, birefringent media, and waveguides containing ferrite, to
obtain both reciprocal and nonreciprocal couplers.

INTRODUCTION

T IS NOW well known that complete transfer of

power can be effected from one to another of two

waveguides, provided there is distributed coupling
between the waveguides and provided the phase veloci-
ties are equal.’:? A good illustrative analog is a pair of
coupled pendulums having the same period. The periods
correspond to the wavelengths in the waveguides; pass-
age of time for the pendulums corresponds to distance
along the waveguides; the energies in the pendulums at
a particular time correspond to the wave powers in the
two waveguides at a particular point along the wave-
guides. As energy is interchanged between pendulums
with increasing time, power is interchanged between
waveguides with distance.

To obtain a complete interchange of power for the
waveguides a particular length is required which is de-
termined by the coupling. As long as the coupling is
constant, the power transfer should be independent of
frequency. However, in practice, the coupling does vary
with frequency, and hence the power division is a slowly
varying function of frequency.

Recently a new and rather surprising method of trans-
ferring power has been described by J. S. Cook. He
pointed out that if the phase constants of two wave-
guides are grossly “unequal” at one end, but are con-
tinuously varied so that thev become “equal” in the
middle of the coupling region and again grossly “un-
equal” in the opposite sense at the other end, complete
power transfer should take place. Moreover, this trans-
{er is independent of the size of the coupling coefficient
so that a coupler built in this way should be very broad-
band, indeed. The conclusion is an unexpected one,
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since we know that a uniform coupler having unequal
phase constants can never give complete power transter.

Nevertheless, the principle may be demonstrated
using a pair of coupled pendulums whose lengths are
continuously varied so that the one which is initially
shorter finally becomes the longer of the two. In Fig. 1
is shown a typical result when the longer pendulum is
initially excited. Fig. 1(a) shows how the periods (r) and
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Fig. 1—Transfer of energy from one to another of two coupled pendu-
lums whose periods are varying with time.

the coupling (k) vary with time. There is a fluctuation of
energy which is quite small at first, but which increases
until at the time the periods become equal, the energy
is equally divided and the pendulums are in phase.
(When the shorter pendulum is initially excited, they
are 180° out of phase.) With increasing time the energy
is finally transferred to the other pendulum with small
residual fluctuations which gradually diminish. It ap-
pears then that, while the transfer of energy is almost
complete, it will not be complete unless the difference
between the periods approaches infinity at the beginning
and end of the process.

In looking for applications for Cook’s coupling scheme
the writer discovered that by varying both the coupling
coefficient and the phase constants of the waveguides
simultaneously, the residual power fluctuations may be
substantially eliminated. The design of such a coupler
may appear to be complicated, but actually the require-
ments are very simply expressed by a new principle of
broad-band coupling which is here called “normal mode
warping.” Using this principle it should be possible to
build wave couplers providing any desired degree of
power division over very large bandwidths, limited only
by the bandwidth capacity of the waveguides them-
selves. It may be applied equally well to nonreciprocal
and reciprocal structures, and in a wide variety of ways.
It is the purpose of this paper to explain in terms which
are nonmathematical how normal mode warping can be
employed.
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Twisted Waveguide as Prototype Broad-band Coupler

Perhaps the easiest way to explain the principle of
mode warping is to begin with a twisted bi-refringent
medium. Fig. 2 shows in cross section a long dielectric
strip which is twisting in a clockwise direction with
propagation into the paper. We may think of this as
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Fig. 2—End view of a twisted dielectric waveguide.,

being either an unshielded dielectric waveguide, or as a
dielectric fin inside of a circular waveguide sheath. In
either case, we know from experiment that if we launch
a linearly polarized wave with its electric polarization
either parallel or perpendicular to the dielectric fin, it
will propagate along the twist with its polarization re-
maining, to a first approximation, either parallel or
perpendicular to the fin at all points. Thus, the polariza-
tion will rotate with rotation of the fin. We know ex-
perimentally that if the twist is performed too rapidly,
some depolarization will result. On the other hand, if the
twist is long and gradual, the polarization will remain
quite linear at all points.
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Fig. 3—Power transfer between vertical and horizontal polarizations
in a twisted birefringent medium.

In Fig. 3 is shown the way in which power in the ver-
tical and horizontal polarizations varies with distance
along the twist. If the twist in the waveguide is just 90°,
as suggested in Fig. 2, a vertically polarized wave intro-
duced at one end will emerge as a horizontally polarized
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wave at the other end. Thus, we find that the twist sec-
tion, by some coupling mechanism not yet defined, can
transfer 100 per cent of the power in a vertically polar-
ized wave to a horizontally polarized wave. Moreover,
we know that this transfer is not frequency sensitive,
and as shown in Fig. 3, it occurs smoothly and without
the ripples indicated in Fig. 1. We suspect, therefore,
that the twist represents a preferred way of effecting a
100 per cent power transfer between the two modes.
Let us arbitrarily identify the vertically and horizon-
tally polarized modes as the modes between which coupl-
ing takes place, and ask how the coupling coefficient and
phase constants for these modes vary along the twist,
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Fig. 4—A uniform birefringent medium producing coupling between
vertical and horizontal polarizations.

We will define the phase constants and coupling
coefficient at any point along a twist as being the same
as those of a uniform (nontwisted) dielectric strip hav-
ing the same cross-sectional geometry. By rather
straightforward analysis which will not be included
here, we can determine these parameters for the uniform
birefringent waveguide indicated schematically in Fig.
4, The results are shown in Fig. 5. (3, and B, are the
phase constants for waves polarized along the 4 and B
axes of Fig. 4).

We see that when 6§ =0 and when 6 =7/2, there is a
maximum difference between the phase constants ,
and B Moreover, there is no coupling between the
polarizations, as we can verify, since we know that a
vertically or horizontally polarized wave will travel in-
definitely along such a uniform waveguide without de-
polarization. When the strip is oriented at 45° (§==7/4)
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the phase constants for vertical and horizontal polariza-
tions are equal, but now we have a maximum of coupl-
ing. Again, we can verify this, since a vertically polar-
ized wave will be converted into a horizontally polarized
wave after traveling through a certain length of such a
medium. Now if we let 8 be a function of distance Z in
the direction of propagation, we can use Fig. 5 to de-
scribe the parameters for a gradual twist. Finally, we
predict that if we can build any pair of waveguides (or
transmission modes) with the variation of coupling
coefficient and phase constants shown in Fig. 5, we
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Fig. 5—Coupling coefficient and phase constants for vertical and
horizontal polarizations in a twisted birefringent medium.

should obtain power transfer properties as shown in Fig.
3. 8 is now simply a parameter relating k, 81, and Bz as a
function of length, but it is still convenient to think of it
as the angle of the equivalent twist section. Fig. 3 shows
that if the coupler is made of length § =7/2, a complete
power transfer will take place. A 3-db coupler will be
provided by length 6 =m/4; and, in fact, any desired di-
vision is obtainable by using the proper length. All of
these should be broad-band, because we know that the
twist prototype is broad-band.

It might appear that since the desired power transfer
is obtained for only a particular length, it would there-
fore be as frequency-sensitive as matched wvelocity
couplers. Actually, the electrical length is not important.
It is simpler to think in terms of the twist prototype,
where the only requirement for the desired transfer is
that the total twist angle 8 be chosen correctly.

One way in which these design requirements may be
met is suggested in Fig. 6 for a pair of coupled rectangu-
lar waveguides providing complete power transfer
(6=m/2). The top wall has been removed to show a di-
vided aperture tapered so as to give a coupling coeffi-
cient which varies as the sine of the distance from one
end. At the same time the dividing partition is warped
so as to produce the cosinusoidal crossover of phase
constants. The phase constants could also be adjusted
by the insertion of a variable amount of dielectric load-
ing. The vertical vectors represent the square of the
electric field present in the two waveguides at various
cross sections along the structure when all of the power
is initially inserted at (a). Complete transfer takes place
with all the field appearing at (d) and none at (b).
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The phase relations between the field vectors on the
two sides of the coupling aperture are of interest. We
know that in the case of a coupler employing uniform
waveguides, the induced wave in one waveguide is al-
ways 90 degrees out of phase with the driving wave in
the other waveguide. This is also true for the two
coupled modes (e, and ¢;) in a uniform birelringent me-
dium. However, we know that if we launch a linearly
polarized wave on the twist medium with polarization
parallel to one of the principal cross-sectional axes, then
the wave will remain linearly polarized. Consequently,
for this medium the vertically and horizontally polar-
ized modes will have a zero or 180°-phase relation at all
points along the medium. It follows that the coupler
of Fig. 6 which was derived from the twist medium
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Fig. 6—A broad-band 100 per cent power transfer coupler
using mode warping.

must also have a zero or 180 degree phase relation be-
tween the field components on opposite sides of the
coupling partition at every cross section. This situation
1s illustrated in Fig. 7, where the transverse electric
field is plotted for a series of cross sections of the coupler.
The input end is shown at the top, and the output end at
the bottom. The left-hand column represents the field
configurations when the wave is initially launched in
the smaller of the two waveguides. The right-hand col-
umn is for a wave launched in the larger of the two
waveguides.

It may be seen that, when the wave is launched in the
larger waveguide terminal, it emerges at the other end
of the coupler from the larger waveguide terminal.
Moreover, at the center cross section where the two
waveguides have the same phase constant, the energy
is equally divided, and we recognize this as the even
symmetric normal mode for the local cross section. In
fact, the wave travels throughout the length of the
coupler in the local normal mode which has the higher
phase constant.

Conversely, if the wave is launched in one of the
smaller waveguide terminals, it appears at the center
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cross section in the odd symmetric mode and emerges
from the smaller waveguide at the far end. Thus it
travels throughout the coupler in the local normal mode
having the lower phase constant.
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Fig. 7—Warping of odd and even symmetric modes
in the coupler of Fig. 6.

Principle of Broad-Band Coupling by Normal Mode
Warping

We have discussed a twisted birefringent medium
and a rectangular waveguide coupler, both of which are
examples of normal mode warping. We will now attempt
a statement of the principle which is basic to all such
couplers. We assume a waveguide system having two
modes of propagation which are to be coupled so as to
effect transfer of power. There are, then, two normal
modes for this system, which are the dual of the coupled
modes, and which may vary in field pattern from point
to point along the structure, depending upon the phase
constants and coupling coefficients of the coupled
modes. Provided these parameters vary slowly and
smoothly along the structure, then if all of the power is
injected in one of the normal modes at one end, it will
remain in one of the normal modes at successive cross
sections and will emerge in one of the normal modes at
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the far end. This situation will be independent of fre-
quency.

On the other hand, if both normal modes are excited
at one end, power will be transmitted through the struc-
ture in both normal modes and emerge in both modes.
This is what happens in conventional matched 3
couplers, and interference between the modes can vary
as frequency changes.

The objective of a broad-band design should then be:
(1) to adjust parameters at the ends of the structure so
that the normal modes at those points are identical with
the desired input and output field excitations; and (2)
to vary smoothly the parameters along the structure so
that the normal modes are transmuted or “warped”
from the one to the other set of field excitations. In this
way the power will at all points be in one of the normal
modes only, and interference between modes is avoided.

Examples of Mode Warping

We have already seen how this objective was achicved
in the birefringent twist. Power was injected in one of
the normal modes. This mode was smoothly warped
from vertical polarization at one end to horizontal
polarization at the other end by twisting. If we had
chosen to excite this medium with a wave polarized at
45° to the birefringent axes, both of the normal modes of
the medium would have been excited equally. As a re-
sult, equal amounts of power would have propagated
down the twist in the two normal modes and would
have arrived at the far end with relative phases which
would depend upon the phase velocities of the two
modes and the total distance traveled along the twist.
The output polarization in general, would be elliptical
and would be frequency dependent.

In the case of the coupled waveguides of Fig. 6, the
normal modes at the ends corresponded to dominant
wave excitation of the separate waveguide terminals,
and they were smoothly warped from one set of ter-
minals to the other. Excitation of one of the wave-
guide terminals would cause power to flow through the
system 1n only one of the normal modes. If the wave-
guide structure had been cut at the center, either half
of it would constitute a 3-db coupler. With excitation
of one of the end terminals, the power at the center cross
section will exist entirely in one of the local normal
modes, which requires equal voltages in the two wave-
guides. Thus, the 3-db power division should be very
broad-band. On the other hand, if both the waveguide
terminals at one end were excited, power would flow in
both of the normal modes. The relative phases of these
modes arriving at the center would vary with frequency,
and hence the power division would be frequency de-
pendent.

In Fig. 8 is shown another example of mode warping,
where ferrite is emploved in rectangular waveguide to
produce a broad-band circulator. Two rectangular wave-
guides are coupled by a long divided aperture. Al the
left hand end, both waveguides are occupied by thin
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tapered slabs of ferrite located off center in the wave-
guide cross section. These terminate in knife edges at
the center where the coupling aperture is largest. From
here on, the dividing partition is deflected so as to alter
the phase constants of the two waveguides. We may
identify four distinct regions in this coupler. The re-
gions between (¢) and (b), and between (d) and (e) are
for the purpose of matching to the waveguide terminals.
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Fig. 8—Rectangular waveguide circulator employing mode warping.

In the regions between (b) and (c¢), and between (¢) and
(@) mode warping occurs. Both of these regions are
equivalent to 45-degree twists of the birefringent proto-
type, and power in either of their input terminals will
be equally divided between the two waveguides at the
center cross section (¢). Thus they operate as broad-
band hybrids. Section (c¢d) is like one-half of the struc-
ture of Fig. 6, and it operates in the same manner. Sec-
tion (bc), on the other hand, operates like a nonrecipro-
cal hybrid, and by virtue of its transversely magnetized
ferrite slabs it has nonreciprocal phase constants as
shown at the bottom of the illustration. For propaga-
tion fron left to right, the ferrite in waveguide 1 ex-
hibits a permeability greater than one, while the ferrite
in waveguide 2 exhibits a premeability less than one.
For propagation from right to left, the situation is re-
versed. We may therefore analyze the behavior in the
following manner.
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A wave entering at terminal I will, by the time it ar-
rives at cross section (b), be traveling in the normal
mode having the higher phase constant. As it passes
through section (b¢) the mode will be warped so that at
(¢), the power will be equally divided between the two
waveguides in the even symmetric mode, which has the
higher phase constant. Mode warping will continue
through section (¢d), and all of the power will be trans-
ferred to waveguide 2, which has the higher phase con-
stant at section (d). Thus, power entering at I will be
delivered to 1.

A wave entering at I] will return to cross section (¢)
with power equally divided in the even symmetric
mode. From this point on, however, the situation is
changed because of the nonreciprocal behavior of the
ferrite. Now, waveguide 2 will have a phase constant
which is higher than waveguide 1, and the wave which
is traveling in the higher phase constant mode will be
delivered to terminal 711, The circulation order of the
terminals is therefore as shown by the circulator symbol
at the right of the waveguide.

In this structure we note that the average phase con-
stant is not necessarily constant. Nevertheless, the
coupling coefficient and phase constant difference are
varied sinusoidally as shown in Fig. 5.

CONCLUSION

It has been shown that Cook’s scheme for producing
broad-band directional couplers by variation of the
phase constants may be generalized by simultaneously
varying the coupling coefficient. For the simplest case,
the difference between the phase constants should vary
cosinusoidally and the coupling coefficient should vary
sinusoidally with distance along the coupler. Such a
programming of the coupling parameters corresponds
directly to a twisted birefringent medium (such as
a metal waveguide having a flattened cross section)
where the rate of twist is constant. Since this medium
is easy to analyze and to visualize physically, it has
been used as a prototype for the design of several differ-
ent types of couplers, all of which are based on the same
principle. This principle, which in retrospect sounds
rather obvious, is simply that in order to avoid inter-
ference effects between two modes of propagation in a
multimode waveguide system, we should avoid exciting
more than one of the normal modes. Also, by gently
warping the waveguide structure, it is possible to warp
the field configuration of the desired normal mode so
that it will produce the required power division at the
terminals of the system without appreciably scattering
power into other unwanted modes.

By avoiding wave interference, such couplers should
in principle, be dependent of frequency. However, the
requirement that warping be smooth and gradual also
dictates that these couplers must be many wavelengths
long. It is possible that they will be most useful in the
millimeter wavelength range, where such electrical
lengths are physically short.



